For a polyhedral terrain F with n vertices, the concept of height level map is defined. This concept has several useful properties for paths that have certain height restrictions. The height level map is used to store F, such that for any two query points, one can decide whether there exists a path on F between the two points whose height decreases monotonically. More generally, one can compute the minimum height difference along any path between the two points. It is also possible to decide, given two query points and a height, whether there is a path that stays below this height. Although the height level map has quadratic worst case complexity, it is stored implicitly using only linear storage. The query time for all the above queries is O(log n), and the structure can be built in O(nlogn) time. A path with the desired property can also be reported in additional time that is linear in the description size of the path.
Introduction
Polyhedral terrains (mountain landscapes) are important concepts in several application areas of computational geometry, including Geographic Information Systems. For that reason they are well-studied in computational geometry, and efficient algorithms have been given for e.g. hidden surface removal, ray shooting, and intersections of terrains [t, 4, 6, 9, 11] . The problem of computing shortest paths in the Euclidean metric on polyhedral terrains has also received attention. See for instance Sharir and Short [12] and Chen and Han [5], who solve the shortest path problem on the surface of a simple polyhedron in O(n 2) time. For a fixed target, they obtain a data structure such that the shortest path from a given query point to the target can be found in O(log n) time.
However, the Euclidean length is not the only important feature when walking in terrains. going to great height, with the risk of freezing to death. Furthermore, it is well known that walking in mountainous terrain can be very tiresome, so it is wise to take a path that is as level as possible. These considerations have led us to study the following questions for a polyhedral terrain F:
1. Given two points s and t in F and a height z, is there a path between them that stays below height z? 2. Given two points s and t in F, is there a path between them that stays on one height? 3. Given two points s and t in F, is there a path between them whose height is monotonically decreasing? 4. Given two points s and t in F, what is the minimum summed height difference of any path between them?
Observe that question 2 is a special case of question 3, which, in turn, can be answered using question 4. For all of the above questions, we develop an optimal data structure that requires linear storage and answers queries in O(log n) time.
An actual path can also be found in additional time proportional to the description size of the path; in this extended abstract, however, we restrict ourselves to the decision problems.
It turns out that in these questions the saddle vertices play an important role. (A vertex is called a saddle vertex it has four incident edges that are going up, down, up, and down, when they are visited in cylic order.) Imagine drawing for each saddle vertex all paths of constant height emanating from it. Project these paths onto the xy-plane and add the projections of all peak vertices and valley vertices (i.e. the local maxima and minima). We call the resulting planar map the height level map of the terrain, and we prove that this map contains all the information that is necessary to answer the above questions. Unfortunately, the complexity of the height level map can be quadratic. Therefore our data structure is an implicit representation of the map that uses only linear storage; point location queries in the map can still be answered in logarithmic time.
The remainder of this paper is organized as follows. In Section 2 we give the necessary definitions. Properties of the height level map are proved in Section 3. In Section 4 we present the data structure that underlies the solution to all four query problems. The actual query algorithms are given in Section 5. In Section 6 the concluding remarks are given.
Preliminaries
Let F* be a polygonal terrain defined over the entire xy-plane. We shall restrict our attention to the part of this terrain defined on some rectangular area of the xy-plane. We denote this part by F and we define n to be the number 0f vertices of F, including vertices that arise because edges of F* are clipped. The boundary of F is denoted by OF. Vertices on OF are called boundary vertices; the remaining vertices are called interior vertices. We denote the height of a point
